The eighteenth century Prince of Wales Fort in Manitoba Canada has experienced extensive freezethaw damage and mortar washout within the escarp walls resulting in distress and failures at multiple locations. Injection of grout could counteract this degradation of structural stability. However existing literature provides little guidance as to the improvement level that could be expected, especially with respect to out-of-plane performance. As such, the proposed treatment was modelled to include a high level of uncertainty in the system through the application of a Random Field Finite Element Micromodelling technique. A Latin Hyper cube simulation method was used in conjunction with a parametric finite element model to randomize the material properties of each stone and relevant grouting layer. The numerical results predicted that the stone-grout bond was the most critical parameter in the proposed intervention, and that in the grouted wall sections, collapse would be avoided and lateral displacements stabilized with the proposed treatment.
ABBREVIATIONS δp -estimated displacements δt -tolerable displacements Hvertical member height fg -grout compressive strength Eg -grout Young's modulus vg -grout Poisson's ratio γg -grout density Es -stone Young's modulus vs -stone Poisson's ratio γz -stone density μ -frictional coefficient τcrit -shear limit p -contact pressure exceeds the strength of the original wall, the full strength of the grout cannot be utilized. This condition causes failure of the units to occur under, rather than the more desirable failure, where cracking occurs through the grout and along the groutunit interface. Furthermore, walls strengthened with high strength cement based grouts have been found to exhibit more brittle behaviour than unstrengthened walls [4] . This is important, as uniform load distribution may not be achievable, if the inner core is stiffer than the outer wythes and under such conditions would then carry a higher portion of the normal stress than the external wythes. Brittle failure can ensue in such cases caused by crushing of the core, which then exerts thrust on the external wythes [12] .
Before grout injection is considered a viable option, a survey of the target wall section is required to determine the construction typology, as well as the void size and distribution within. Physical and chemical compatibility between the original and injected materials are also important to avoid deleterious effects from the grouting. Importantly, while the strength of the grout must be adequate but not overly strong, this parameter is not the most critical factor when choosing grout composition. The critical factor is the achievable bond. The composition and porosity of the in-situ mortars and stones and the mortar grain size should be established to determine the feasibility of grouting [16] . Post-grouting, the mechanical improvement has been validated with flat-jack testing and non-destructive techniques, like sonic or radar tests to confirm adequate joint filling [17, 18] .
Prince of Wales Fort
Built in the Vauban (star-shaped) style between 1731 and 1771 on the shore of the Hudson Bay, the Prince of Wales Fort (Figure 1 ) was constructed by the Hudson Bay Trading Company but was occupied for only 10 years prior to abandonment. The fort is one of the most northerly fortifications of its kind and in one of the coldest environments for such a masonry structure. Extreme weather conditions including intense wind, snow, and rain together with freezing and thawing of water in the walls have caused continuing degradation and partial collapse. Despite regular maintenance and repair, during the last decade the rate of deterioration has accelerated ( Figure 2 ) specifically in the north wall. Rising temperatures have shifted the thermal gradient within the earthen rampart, and the high volumes of water draining through the walls during spring and summer have washed out much of the degraded mortar [19] .
This has resulted in partially grouted rubble walls, encased with ashlar face stones, which require extensive intervention to maintain structural integrity.
From 1731 to 1743, the foundations were constructed from large stones bedded in mud and clay mortar placed with a 2.7 m wide x 2.1 m deep trench. The total wall height is 4.8m (including a 1.8 m parapet). Abutting the walls on the interior of the fort is an earthen rampart that reaches a height of 3 m.
The fort was completed hurriedly in 1747 with split boulder faced rubble masonry. During the next three decades (1748-1771), the split boulder face stones were systematically replaced with ashlar masonry [20] .
This approach was more labour intensive than the use of split boulders, as it required extensive cutting of the hard face stones. Work was consequently completed at a slower rate. The addition of the cut ashlars after the core material was put in place prevented the use of through thickness stones, which are commonly utilized to tie the outer wythes together ensuring composite action. The walls were constructed primarily of two local stone types: Churchill quartzite and dolostone [20] . As these high strength stones are challenging to cut with basic hand tools, only the front face was cut to have regular edges and finish. Bearing areas were also cut on the top and bottom of the stones, while the backs were typically left uncut and taper off irregularly into the core of the wall. The core of the walls is comprised of large rounded boulders, predisposing them to roll or slide against each other and the face stones. These boulders (some measuring up to 1 m in diameter) are loosely packed with the voids between containing low strength mud or clay mortar acting mainly as filler. In most locations, only small quantities of mortar remain. The core is consequently a highly variable material. In contrast to the core, lime mortar was used to set the ashlar face stones [20] . In addition to the variability due to the effects above, there is the variability due to the effect of workmanship during the initial construction and the later refinishing. Thus, the heterogeneity of the wall means that the material properties are both variable and uncertain.
Environmental degradation of these walls and the subsequent deterioration of the core material have caused significant lateral deflections at multiple locations and even failure in some areas. In response, a stabilization project commenced in 2003 and remains underway. At the onset of the project, shoring was installed at all locations exhibiting visible wall deformations to control those lateral movements and prevent collapse. Next, the ashlar face stones on each deteriorated section were removed individually, and the inner core was stabilized using flat stones and mortar. Finally, the face stones were replaced and backfilled with mortar, beginning at the base of the wall and working upwards ( Figure 3 ). With face stones weighing up to 2000 kg each [20] , this process was slow and cumbersome. Due to the harsh climate, the work season is limited to the summer months. Consequently, wall sections are typically dismantled one summer and rebuilt the next. Based on the original state of degradation, the stabilization was initially planned as a ten-year project. However, over time, the previously undamaged north facing wall began degrading at an accelerated rate ( Figure 2 ) [19] . Subsequently, a portion of the north wall was stabilized. If the current deterioration rate continues, other sections will soon require attention. This reactionary maintenance program has been deemed to be insufficient as a long-term solution by Parks Canada, the site's steward [21] . Instead, a conservation approach to prevent the observed deformations should be implemented. This would permit the local dismantling/rebuilding approach to be completed for the current scope of work and less invasive maintenance to be continued into the future. An understanding of the failure mechanism(s) is essential in order to develop an effective conservation approach. With the failure mechanism established from previous numerical modelling [22, 23] , the efficacy of the proposed conservation method, grout injection, is the topic of the current study.
Previously, discrete element modelling using the program Logiciel de Mécanique Gérant le Contact (LMGC 90) was completed [22] to consider epistemic uncertainties and to find the wall's likely failure mechanism. Simplified wall geometry and this modelling technique revealed the failure mechanisms. Six wall cross-sections were modeled in which the profiles for the wall's interior wythe and cap were kept the same, while the core and face stone geometry were varied. The models were run with different ratios of tangential to normal cohesion, with the cohesion values being increased until stability was achieved. The initial deformations during the failures tended to exhibit lateral bulging at mid-height. Finite element models (FEM) of the walls were also created using ABAQUS 6.12 [23] . This involved the development of a model that also simulated the failure of the wall sections, which was then adapted to perform a parametric analysis of grout properties including the elastic modulus and frictional bond. In the following sections, the previously established FEM was further developed to conduct both a sensitivity and a reliability analysis using the random finite element method (RFEM). The methodology allows assessment of the reliability of grout injection as a means to stabilize the walls, given their highly heterogeneous nature. The modelling also allows conclusions to be drawn as to the critical parameters required in the design of a grout, should grout injection be selected as the method to implement to control the lateral wall displacements.
Methodology

Overview of Methodology
Historic masonry structures are known to have a high degree of variability and statistical methods have been shown to be appropriate for their assessment [24, 25] . Thus, in this case study a hybrid model was implemented to assess the consequences of grout injection as a possible intervention for the walls of the Prince of Wales Fort. The model consists of two parts: an interface program for generating parametric finite element micro-models (PFEMM) and a Monte Carlo simulation (MCS) algorithm based on Latin hyper cube sampling (LHCS) to simulate the uncertainties. Since there are insufficient experimental/field data available of the actual walls to generate probability density functions (PDFs) of material properties, an extensive literature review was conducted to collect relevant information.
To assess the effect of the injected grout's properties on the wall strength, the specific compressive strength and Poisson's ratio of the grout layers were assumed to be uniformly distributed. The Latin
Hyper cube algorithm was then used to assign material properties randomly through the grout and stone parts in the PFEMM, and to update the model with samplings from the PDFs. The derived random field finite element model (RFFEM) was employed to construct the cumulative distribution function (CDF) of the wall's lateral displacement. The effectiveness of the method and sufficiency of the sampling number were examined with sensitivity and uncertainty analyses. The number of models was increased until the sample size produced sufficient results to provide robustness to the proposed intervention. After the first 100 models were run results remained dispersed, so the sampling was increased to 200 models which resulted in improved grouping of the results and consequently was deemed sufficient for further analysis.
An overview of the RFFEM methodology is provided in Figure 4 . A detailed description of each procedure is provided in the next sections.
Random Field Finite Element and Reliability Analysis
Each reliability analysis requires a limit state function, which defines performance as either safe or unsafe. The limit state function of a multi-wythe masonry wall can be defined by a general limit state function, Equation 1, as proposed by Griffiths et al. [26] : (1) where X is the vector of model input, and N is the number of random variables. For a model with the estimated displacement, p , f can be translated as Equation 2.
(2)
where is the tolerable displacement established by the designer. In this study is the probabilistic distribution function (PDF) of estimated displacements.
When a closed form solution for is available, it is possible to characterize the limit state function, Equation 1, by assuming a specific type of PDF (e.g. Normal or Log-normal) of and to use well-established reliability methods such as the first-order second moment, the first-order reliability method, or the second-order reliability method. The advantages and shortcomings for determining the
characterization of the abovementioned methods have been discussed extensively elsewhere [27, 28] and are, thus, not discussed here.
Since is a nonlinear function resulting from the random field finite element models run in ABAQUS [29] and parameterized by MATLAB [30] , it is complex and has neither a closed-form solution nor a known PDF. Furthermore, the abovementioned methods are not readily applicable to the current problem. Thus, to generate a PDF or a cumulative distribution function (CDF) of , a Latin Hyper
Cube algorithm was employed to simulate system uncertainty and perform a reliability analysis.
According to Helton [31] , a Monte Carlo analysis with Latin Hyper Cube sampling (LHCS) is the most broadly applicable approach when considering the propagation and analysis of uncertainty and is by itself sufficient.
The threshold value for deformations, , was selected based on the serviceability limit state. For modern structures, excessive horizontal deflections are a known cause of cracking in exterior cladding, which can lead to moisture penetration through walls, thus increasing the vulnerability of a structure [32] .
When considering historic masonry structures, where masonry comprises a main structural element instead of just being the exterior cladding, this vulnerability can compromise the load-bearing capacity of the structure. To quantify the tolerable displacement based on a fraction of the height or span, the displacements should be limited to Equations 3-5, as appropriate [32] where H is the height of the vertical member. Deformations of this magnitude will not be visible, but are noted to cause cracking in brickwork.
At this displacement magnitude, deformations will not be visible but can cause cracking in partition walls.
This deformation magnitude will be visible, cause general architectural damage, crack reinforced walls and secondary members, damage ceiling and flooring, façades, and cladding, as well as being unsightly and interfering with drainage. For the Prince of Wales Fort, with its wall height of 4.8 m, Equations 3-5 generate lateral deformations limits of 5 mm, 10 mm, and 16 mm, respectively. However these values are highly conservative for historic stone masonry structures, which have been observed to maintain stability after significant lateral displacement.
Parametric Random Field Finite Element Micro-modelling
With no macro-properties established for the wall sections, detailed or simplified micro-modelling are the most suitable FEM approaches for failure modeling [33] . First, using the simplified approach, masonry units were individually modelled with continuum elements and contact properties were defined to represent the joint behaviour [34] . Excluding the unknown properties of the in-situ mortar, the interactions between the stones in the wall were modelled. This base model showed the behaviour of a wall that is highly degraded in the absence of any competent mortar [23] . To examine the behaviour of the wall section with grout filling the void spaces, additional parts were added to the model in those spaces, with the stones and grout modelled separately, with individual material properties and contact interactions modelled as described and compared to other techniques by Lourenco [35] and implemented in [3, 34, 36, 37] . This method of modelling masonry units and joints separately can account for different elastic and possibly inelastic characteristics of the units and mortars, while also capturing local effects such as sliding and joint opening.
The wall cross-section was developed using data collected during the ongoing conservation project.
First, the face stone geometry was acquired through direct measurement and scaled photographs of stones removed during the restoration work. Next, for the material within the wall, stone shapes were traced from images of the wall core after face stone removal. Distinguishing between the original and new material in the images was necessary, as the core was stabilized with flat stones and mortar. The parts were meshed using linear quadrilateral elements, and the final mesh and geometry were established according to the mesh refinement study outlined previously by Isfeld and Shrive [22] . The model geometry and boundary conditions are shown in Figure 5a .
The boundary conditions were considered fixed in the vertical direction along the base and fixed in the horizontal direction to the top of the earthen rampart on the inner face but only up to the ground level on the outer foundation face. To examine the behaviour of the wall cross-section, only self-weight was considered. In [22] a base model was established to show the failure of the cross section of the wall under the extreme case of full mortar degradation and wash-out. The walls were shown to be unable to maintain stability under self-weight in this deteriorated state. Self-weight was seen as the dominant load, as the displacements have evolved gradually under sustained self-weight rather than correlating to any specific set of external loading conditions. Self-weight was seen to be the driving factor rather than lateral pressure from the earthen rampart because the walls displace under sections with parapets where there is extra self-weight, rather than under the gun embrasures.
Values for the stone and mortar moduli, densities and Poisson's ratios, as well as the frictional contact coefficients were used for the modeling (Table 1) based on values established in the literature [sources [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . Uniform distributions were used for design parameters, including the grout strength, modulus, and Poisson's ratio. For other material parameters the distribution that best fit the literature data was selected.
In-situ crushing of the stones has not been observed. Rather, stone rolling and sliding dominate wall failure modes. Thus, material properties that allow rigid body stone movement, rather than local deformations, more accurately represent the actual conditions. The stone and grout densities were used to calculate the applied self-weight. Contact conditions were conservatively taken as frictional. Bonding between stones and grout beyond frictional contact has been shown to impact the structural performance of grouted masonry assemblies significantly [4, 12, 15] . Conversely, by considering only frictional contact, the model is highly conservative. A large range of grout strengths was considered, from 10 to 42 MPa. The mean Young's modulus of the grout was taken as 13 GPa, while the mean modulus of the stone was 110 GPa. This reflects the design consideration that the stone should be much stiffer than the grout added to the structure in order to prevent future damage to the stones, which are the main historic component. The sacrificial role of the mortar is also preserved. In most historic masonry grout strengths in the low part of the proposed range will be required for compatibility [18, 38] . Both tangential and normal behaviours were defined for general contact in ABAQUS. The normal behaviour was assigned as a 'hard contact' using default constraint enforcement with post-contact separation allowed. Coulomb friction was used to describe the tangential behaviour. The shear stress limit τcrit was related to the frictional coefficient, and the contact pressure, p, between the two surfaces was defined according to Equation 6 .
This contact behaviour was implemented with a penalty friction formulation to enable elastic slip, rather than the ideal stick-slip behaviour; notably this requires less computational power than the Lagrange formulation [29] .
The models were run under two sets of conditions; first as an assembly of stones with no mortar present (see Figure 5c ) using the simplified micro-modeling approach, and then with grouting added to the wall, thereby filling all voids using the detailed micro-modeling approach. Ungrouted wall crosssections all collapsed before the full gravity load was applied (typically soon after ten percent of the gravity load was applied). A comparison of four of the ungrouted wall models appears in Isfeld and
Shrive [23] where the mesh density and geometric model were established.
A probabilistic methodology was adopted for considering the randomness of material properties. To do so, a RFFEM was adopted. This method uses random field theory to consider the variance in the determination of the individual masonry material components (e.g. stone and grout layer). The RFFEM was developed by Moradabadi et al. [53] as an extension of the FEM to add randomness to different portions of the FEM model. Figure 5b shows the parametric random field model.
Results and Discussion
Uncertainty Analysis
To evaluate the sensitivity of the micro-model to the system parameters, a MC analysis was conducted according to the values of The reliability curve corresponding to Table 2 is shown in Figure 6 . The results were fitted to a lognormal function as shown in the Figure. The 95% confidence bounds for this fitting were computed and are shown in Figure 7 , together with the tolerable displacements defined in Equations 3 to 5. Figure 7 shows that with the cumulative probability of 0.9, the lateral displacement of the wall is less than the limiting value 16 mm found using equation 5. If the desired probability were less than 0.9, the intervention would be considered sufficient to meet the stability requirements of equation 5. However for a higher confidence bound, the structure is expected to experience architectural damage. The reliability curve illustrates that there would be cracking in the stonework with a probability of 0.5. As the results shown in Figure 7 were based on the parameter variation due to the uncertainty range of values described in Table 1 , the reliability of the system can be improved, if the significant parameters and their effect on the system are recognized. The next section presents a sensitivity analysis, which was conducted to achieve this goal.
Sensitivity Analysis
A Monte Carlo simulation enables an explorative sensitivity analysis by checking the scatter plots of individual input variables versus their outputs. Trend lines are plotted over the scatter plots to show the average relationship between the parameters and the outputs. Figures 8a through 8g illustrate the sensitivity of the maximum lateral displacement of the system to 7 parameters. By isolating each parameter in this way, it is possible to distinguish the most critical parameters more clearly, which may be difficult when all parameters are considered simultaneously.
As hidden interactions may have a significant effect on the decomposition of the variance [54] , and to remove the influence of co-variances on the correlation between a given input variable, Xi, and the output variable, f (X), the partial rank correlation coefficient (PRCC) was used to compare further the sensitivity of the model for each input variable (for additional background on PRCCs, see [55, 56] ). The tornado sensitivity plots for the 7 variables are presented in Figure 9 , which shows the ranked correlation between each variable of the system with the lateral displacement. The PRCC analysis shows a negative sensitivity of the displacements to the grout density, while the scatter plots had indicated a positive sensitivity. Similarly, the PRCC analysis shows a positive sensitivity of the displacements to the stone density, while the scatter plots indicate a negative sensitivity.
PRCC values are considered large, and subsequently influential, when they are greater than 0.5 or less than -0.5. A positive sensitivity or PRCC value for a given parameter indicates that increasing the magnitude of the parameter will lead to increased lateral displacements in the wall section, while a negative value indicates an increase in the parameter would decrease the displacements. The only parameter in this analysis to have a large PRCC value was the frictional coefficient. Regression analysis on the scatter plots of Figure 8 and the PRCC sensitivity analysis in Figure 9 show the lateral displacements to be most sensitive to the frictional coefficient. This result reinforces the importance of bond development between the stone masonry units and injected grout, which has been the focus of a previous study [57] . Additionally, grout density and compressive strength, and stone modulus were found to have a greater influence on the lateral displacements than the stone's density or Poisson's ratio or the grout's Poisson's ratio. However, these sensitivities are minimal compared to the frictional coefficient and all fall outside the influential range (> 0.5 or < −0.5).
The positive correlation between grout strength and displacements is potentially due to the limitations of this model. The grout's compressive strength is linearly related with the elastic modulus as shown in Table 1 . As the grout strength is increased, the deformations of grouted parts reduce. The high elastic modulus of the stones relative to the grout prevents significant deformation of these parts under the given loading. In the initial geometry, before load application, small gaps may exist between the stones and grout in some locations. Under loading, a deformable grout would be compressed and Poisson's effect would cause the closure of these gaps, subsequently initiating frictional contact over an increased surface area. Conversely, high stiffness grout (typically in the form of high strength grout) would not undergo the same degree of deformation, thereby allowing the gaps to remain.
Detailed Uncertainty Analysis
The initial analyses showed the importance of the contact criteria, notably the coefficient of friction (or bond). As grout strength appeared to have the next greatest influence on displacements (Figure 9 ), the lateral wall displacements for seven grout strengths, within the initial range, were considered individually.
For each of the seven cases, the grout's compressive strength was modeled with a normal distribution, taking the mean equal to the fg values shown in Figure 10 , and the coefficient of variance of fg distributed through the model was equal to 0.5%. All other material properties were applied according to Table 1 .
The results from this analysis are shown in Figure 10 .
In Figure 10 As previously stated, Figure 9 clearly shows that the frictional bond is the most critical factor governing displacements, with the grout strength having much less influence. With the sensitivity of the model to the frictional contact clearly established, any reduction in contact area would lead to an increase in lateral displacements. In practice, to ensure sufficient contact and bonding between added grout and insitu stones, grout properties such as injectability and shrinkage resistance should be carefully considered.
Shrinkage of the grout would reduce contact between the grout and stones, thereby unintentionally preventing full realization of the grouting potential by decreasing the contact surface. Similarly, insufficient penetration of the grout into the voids would reduce the amount of contacting surfaces, as less grout would be introduced into the wall.
Conclusions
Walls of the Prince of Wales Fort were modeled using two methods to assess the possibility of grout injection as a conservation approach. The RFEM approach was used to assess grouted wall sections, assigning variable material and contact properties for the stones, grout, and contact interface. A comparison of the results of this study with those of an ungrouted wall cross-section [23] showed an overall improvement in the wall behaviour when grouted parts are added to fill the voids within the walls While the ungrouted wall sections consistently collapsed, the addition of grout parts improves the wall stability, particularly as the contact properties are improved with lateral displacements being limited to 18.5 mm with a 95% confidence based on the uncertainty analysis. A sensitivity analysis showed the most critical property to be the contact friction, consistent with previously published work [4, 12, 15] .
While friction alone is a simplification of the bond between units and grout, in practice some cohesion would occur to further increase the wall capacity [52] . However establishing the potential for wall stability under only frictional bonding indicates that grouting could perform well over time as the cohesive bond degrades slowly under loading and environmental exposure.
In addition, grout strength was shown to affect wall displacements. When seven grout strengths were examined under variable friction, tighter grouping of the displacements occurred under increased friction.
The sensitivity analysis showed a positive sensitivity of the lateral displacements to the grout strength.
This effect is likely due to the higher strength grouts having a lower amount of contact area in the model as the parts do not deform to the contour of the stones. Isfeld and Shrive [23] previously demonstrated that walls injected with very low strength grouts (E < 8 MPa) undergo significant displacements, with less for higher strength grouts. However, the current study focused on a narrower range of grout strengths, and this behaviour was not captured in this range. Previous literature indicated a lack of correlation with grout strength and overall gains in wall strength. Further study including cohesive bonding, beyond simplified frictional contact, may facilitate sufficient reduction in the lateral displacement according to the limits outlined here.
Based on the results of this modeling the most critical parameter in the implementation of grout injection is the frictional contact (or bond) at the mortar unit interface. Having established the mortar unit interface as a critical region, properties such as injectability and shrinkage resistance will be important design parameters when designing a grout for use in-situ. Ensuing adequate contact between the grout and the stones will permit the benefit of frictional contact to be fully realized.
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